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ABSTRACT

For general dynamical systems, a theory is presented

for the pProperty of cyclo-dissipativeness. This property

constrains the manner in which a system dissipates energy
(defined in an abstract sense) and is characterized by the
existence of a function which has the Properties of stored

energy. The stronger pProperties of dissipativeness, for

which the stored energy function is nonnegative, and

los i
slessness, corresponding to zero dissipation, are also

considered. For the special case of nonlinear, finite-

dimensional systems which are linear in the control, a
t

more e i
xplicit account is given, the central feature being

algebraic criteria for cyclo—dissipativeness, dissipativeness

and losslessness.

1.3

1. INTRODUCTION

The notion of passivity has long been considered to be a useful
one, both in the study of electrical networks where there is an obvious
physical interpretation [1, 2], and in control theory where it has
led to some useful stability results. Several years ago, Willems 3]
showed that the passivity concept could be substantially broadened to
include a class of systems which he called dissipative systems. These
are systems characterized by the existence of a supply rate w(u, y),

a storage function ¢(x), and the inequalities

0(x) > $(0) for all x

t
d[x(to) ] + I w(u, y) dt > ¢[x(ty)]

to

for allfitoyilraldysitay 2ditonkniand all u in some pre-defined admissible
set. Here, u, x and y are respectively the input, state, and output
of the system. The function ¢ may be thought of roughly as the stored
energy of the system, and the first inequality states that the stored
energy is always nonnegative (since it turns out that there is no
substantial loss of generality in setting ¢(0) = 0). The second
inequality then states that energy is dissipated (or perhaps conserved,
but never gained) along any system trajectory, provided that one thinks

of w(u, y) as being a measure of input power. If one sets w(u, y) = u’y
(where the superscript prime means vector or matrix transpose), something
close to the conventional definition of passivity is obtained. These
results were, however, stated in a quite general setting, so that for

example w(u, y) and ¢(x) need not cPrrespond to actual physical

energy and power.



1.2

Our interest in the subject started about two years ago when one

of the authors showed [4] that for a special class of passive systems one
could give a fairly explicit characterization of ¢. The main result of
[4] was, in effect, a nonlinear version of the Kalman-Yacubovich or
Positive Real Lemma [5, 6, 7]. (Actually, the work in [4] was origin-
inally motivated by earlier work on an inverse problem in optimal control
theory [8]. It was noticed that there was a strong connection between
optimality of a certain system and passivity of a related system). The

work was extended to a larger class of dissipative systems in [9], where

it was also shown how the results could be applied in stability studies.

However, the approach in [4, 9] differed from that of Willems
[3] in at least two important respects. First, some rather strong
smoothness assumptions were required in [4] and [9], largely because
the approach in those papers required the solution of an optimal control
problem via Hamilton-Jacobi method§. Second, and perhaps more importantly,
the definition of passivity in [4] and dissipativeness in [9] differs
from those in [3]. The main difference is that in [4] and [9] dissipat-
iveness is considered to be an input-output property, so that ¢ does
not enter into the definition. Nevertheless there are strong grounds for
suspecting that the definitions in [3] and [9] are effectively equivalent.
One of the aims of the present work is to explore this conjecture. Our

result is that the two definitions are "nearly equivalent", and that the

differences evanesce when a reachability assumption is satisfied.

A further aim is to try to discover some "minimal'set of assumptions
under which the results of [9]Acan be derived. Our main result, in

Chapter 4, re-derives the main result in [9] without using a Hamilton-
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Jacobi equation. This results in a considerable weakening of the
assumptions needed. It would perhaps be rash to claim that our new
result is the best possible, but it is certainly a noticeable improve-

ment over that in [9].

The structure of the report i{s as follows. In Chapter 2, we
define dissipative systems and discuss some of their properties. To
allow a clearer exposition, we have found it convenient to proceed via
consideration of a larger class of systems, known as cyclo-dissipative
systems. These were also first defined by Willems [10], although again
our definition differs slightly from that in [10]. The main result of
Chapter 2 is that under certain conditions every dissipative (cyclo-
dissipative) system possesses a storage function (virtual storage
function) with the properties required by the definitions of [3, 10
Some further properties of the storage functions and virtual storage
functions are. presented in Chapter 3. A number of the results in
Chapters 2 and 3 duplicate those already available in the literature
(350G 15T s 10] - provided that ome accepts that the differences in
definitions are in fact insignificant - but are included here for
completeness. As mentioned above, Chapter 4 provides a sharpening of
the main result ofi[9] . To allow the reader to relate the present work
to some known results bR e S gais also shown in Chapter 4 how the

i ection
results specialize in the case of linear systems. The Conclusions 8 ¥

Chapter 5 includes a brief list of actual and potential applications o
’

the theory.
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2, DEFINITIONS AND GENERAL PROPERTIES

2.1 The System and its Supply Rate

Initially, we shall start with a reasonably general model of a
system. Inputs u areassumed to lie in a space U of admissible
controls, and outputs belong to some space Y. We assume the existence
of a state space X, an& for each time t a state x(t) € X, such
that for any ¢t > to the state x(t) depends only on x(to) and on
values of u(t) for T € [t,, t). Further, we assume that y(t)
depends only on x(t) and u(t). In other words, we have the usual
state space model of a causal dynamical system. To avoid complications,

we shall also assume that:

(i) For any x(to) € X and any u € U, the state x(t)
and output y(t) are uniquely defined for all t > tos
(ii) The system is stationary, in the usual sense;

(1ii) The system is unbiased, in the sense that if x(tg)

1]
o

]
o

andiisu(t) =0 .for all (it > tg, then x(t) = 0 and y(t)
for all t > tg. (This means, in particular, that the spaces

U, X and Y must each contain a zero element.)

We shall require at times that the system be controllable and/or

reachable. These terms are defined as follows:

Definition: A state xp € X is controllable if there exists some

ty > 0 and some u&€ U which drives the state x(0) = %o to

x(to) = 0. If every x¢ € X is controllable, we shall say that =1

the system is controllable.

Definition: A state xo € X is reachable if there exists some
t 1 < 0 and some u € U which drives the state from x(t_l) =0
to x(0) = x,. If every x, € X 1is reachable, we shall say that

the system is reachable.

Finally, we introduce the notion of a supply rate. This is a

function w(u, y), taking values on the real line, such that

t)
‘ j wlu(t), yi(t) ] dt | < e
to

for any finite interval [t,, t;], any u €U, and any x(t,) (with
y € Y being the corresponding output). (In practice, it is often
convenient to let this last inequality define the space U of

admissible controls). The supply rate is a generalization of the concept

of input power.

2.2 Dissipative and Cyclo-Dissipative Systems

If the supply rate w(u, y) is taken to represent input power,
its integral with respect to time will represent input energy. We now

have a basis for studying those systems which always absorb energy.

Definition: The system is defined to be dissipative with respect
to supply rate w(e,*) iff

t
J w(u, y)dt > 0

to
whenever x(to) = 0, for all u€ U and all t; > to, where vy
is the corresponding system output.

For convenience, we will henceforth drop the phrase "with respect
to supély rate w(*,*)", 1is being always understand that a

particular given supply rate is under consideration.



We shall also study systems satisfying a slightly weaker constraint.
Definition: The system is defined to be cycle-dissipative iff

t
J w(u, y)dt > 0

to

whenever x(t,) = x(t;) = 0, for all u€ U and all E12 Eos

where y 1is the corresponding system output.

That is, cyclo-dissipative systems exhibit a net absorption of
energy along any trajectory which starts and ends at the origin of X,
A cyclo-dissipative system might, however, produce energy along some
initial portion of such a trajectory; if so, it would not be dissipative.

On the other hand, every dissipative system is cyclo-dissipative.

As an example, suppose that the system under consideration is an
electrical network, whose elements are constant resistors, inductors
and capacitors. Let u(t) be the vector of port currents, and y(t)
the vector of corresponding port currents. Then it may be shown (via
Tellegen's theorem, for example), that the system is cyclo-dissipative
with respect to supply rate w(u, y) = u’y, provided that all resistances
are nonnegative. If in addition all inductances and capacitances are
nonnegative, then the system is dissipative (with respect to the same

supply rate).

In the above example, we can via physical reasoning define a stored
energy for the network. For a more general abstract system, physical
reasoning fails us, but we can at least define possible candidates for

the name "stored energy". Consider, then, the following two functions.

2.4

(i) The required supply,

0
inf
. (xa) = ey, 1 <0 JT w(u, y) dt

with boundary conditions x(T) = 0, x(0) = Xq.
(ii) The constrained available supply,

T
inf f w(u, y) dt
0

¢ac(x°) 5 7 well, T > 0

with boundary conditions x(0) = x,, x(T) = O.

To simplify the following discussion, we can arbitrarily assign
the value -® to the infima if the boundary conditions can be met, but
the infima fail to exist. If the boundary conditions cannot be met, we

can similarly assign the "infimum' a value of +x.

The required supply is the least amount of energy required to

excite a system to a given state; the constrained available supply is

the maximum amount that one can extract from the system when starting

from a given initial state, under the constraint that the final state

must be zero. In general, there are no a priori bounds on these two
functions - they need not be finite for any given x,. However, we

have the following (obvious) property,

Lemma 1: Regardless of dissipativeness or cyclo-dissipativeness,
(a) ¢ (%) < ©» for any reachable state X,, and
2

(b) ¢ (x¢) > - for any controllable state Xg.
ac

Proof: Directly from the definitions of controllability and

wv
reachability.



dropped in obtaining this result. PR g e at Tt R S et i A A A

that system is also dissipative.

Let us now define a third possible candidate for 'stored energy':
2. The inequality ®r >0 is also chdracteristic of dissipative systems.

















































