IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. CAS-27, NO. 11, NOVEMBER 1980

[8] F. C. Lu, R. Liu, and L. Jenkins, “A two-matrix tra.nsformatipn
method for stability problems of large-scale dynamical systems with
an application to power networks,” in Large-Scale Dynamical Sys-
tems, (R. Sacks, Ed.), Western Periodicals, North Hollywood, CA,
1976, pp. 219-237.

Richard K. Miller was born in Clarinda, IA, in
1939. He received the B.S. degree in mathe-
matics from Jowa State University, Ames, in
1961, and the M.S. and Ph.D. degrees in
mathematics from the University of Wisconsin
in 1962 and 1964, respectively.
" He taught in the Mathematics Department of
the University of Minnesota, Minneapolis, dur-
ing 1964-1966, and in the Applied Mathematics
Department of Brown University, Providence,
RI, during 1966-1971. He returned to Iowa
State University, Ames, in 1971, where he is presently Professor of
Mathematics. His research interests are in qualitative theory of solutions
of differential equations and integral equations. He is editor for the
Journal of Integral Equations. He has written the books Nonlinear In-
tegral Equations and Qualitative Analysis of Large Scale Dynamical Sys-
- tems (with A. N. Michel).
Dr. Miller is a member of SIAM and the American Mathematical
Society.

1097

Anthony N. Michel (8’55-M’59-SM’80) was
born in Rekasch, Romania, on November 17,
1935. He received the B.S.E.E. and M.S. degree
in mathematics and the Ph.D. degree in electri-
cal engineering from Marquette University,
Milwaukee, WI, and the D.Sc. degree in applied
mathematics from the Technical University of
Graz, Austria.

He has seven years of industrial experience
and has held positions .with Stearns Magnetic
Products, Milwaukee, W1, the U.S. Army Corps
of Engineers, and A. C. Electronics, a division of G. M., Oak Creek, WI.
In 1968, he joined the Faculty of Iowa State University, Ames, where he
is currently a Professor in the Department of Electrical Engineering and
the Engineering Research Institute. In 1972-1973, he was with the
Mathematics Institute at the Technical University of Graz. His recent
research is in the areas of nonlinear systems and large scale dynamical
systems. He is coauthor of the book Qualitative Analysis of Large Scale
Dynamical Systems (New York: Academic Press, 1977). i

Dr. Michel was cochairman (with H. W. Hale) of the organizing
committee of the 1978 Midwest Symposium on Circuits and Systems. He
is a past Associate Editor of the IEEE TRANSACTIONS ON CIRCUITS AND
Systems from 1977 to 1979. In 1978, he received the Best Paper Award
from the IEEE Control Systems Society. He is a registered professional
engineer and he is a member of Pi Mu Epsilon, Eta Kappa Nu, Phi
Kappa Phi, and Sigma Xi.

On the Stability and Well-Posedness of
Interconnected Nonlinear Dynamical Systems

PETER J. MOYLAN, MEMBER, IEEE, ANTONIO VANNELLI, AND MATHUKUMALLI VIDYASAGAR,
SENIOR MEMBER, IEEE ot

I. INTRODUCTION

N THE PAST and current research on stability prob-

lems there is a dichotomy between input—-output and
state-space approaches. To gain the full benefit of the two
approaches it is desirable to have results showing when
input—output stability implies Lyapunov stabjﬁty (for
some results in the opposite direction see [1], [2]). The
best-known result along these lines is due to Willems [3],
who shows that, with certain reachability and observabil-
ity assumptions, an input—output stable system is globally
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asymptotically stable in the sense of Lyapunov. While this
is a powerful result, it has two features that make it
worthwhile to study the problem further: 1) in the case of
the standard finite-dimensional linear time-invariant sys-
tems, Willems’ result states the following: if the system is
controllable, observable, and L, stable, then it is also
globally asymptotically stable. However, in such a case it
is well known that the above statement is true with
controllability and observability replaced by the weaker
requirements of stabilizability and detectability, respec-
tively. Thus it is worth investigating whether a similar
weakening is possible in the case of nonlinear systems as
well. 2) The uniform observability property defined in [3]
has the disadvantage that it is not necessarily preserved
under feedback. Hence, given a large-scale interconnected
system, one cannot verify uniform observability at the
subsystem level. Thus it is desirable to define suitable
properties for nonlinear systems that are preserved under
arbitrary interconnection.
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In extending our results from single systems to intercon-
nected systems, we require that the Cartesian product of
the subsystem state spaces qualifies as a state space for
the overall system. In this paper we present some suffi-
cient conditions for this to hold. These conditions are the
state space analogs of the input—output results in [4], and
reduce to the classical “no delay-free loops” condition in
the case of digital filters.

JI. NOTATION AND DEFINITIONS

Consider a system with state space X, input spaces 2L,
and UCA,, output spaces %Y, and YC%U,, and some
distinguished “initial state” set & C X. The state space X is
a normed space The set @ might contain only a single
puull. such as the 0115111, or several GQUmuuum puuua or
even (the set of states comprising) a limit cycle. Elements
of QL, U, are functions of time, mapping R into U (the set
of input values), and we assume that P,U, CU VTER,
where P is the causal truncation operator defined by

(B ={ 1) <7 1)

Similarly, % and %, consist of functions mapping R and Y,
and we assume that P;%, C% VTER. The input-output
relationship is given by

)’=G(x0’to)ﬁ

where x, €Q and ¢y €R denote the initial state and initial
time, respectively, and G(x,, #y) maps U, into %, for all
xo €Q and all 15 ER.

Typically, X=R” in the case of a fm1te-d1mens1onal
system, and X is a separable Hilbert space in the case of
an infinite-dimensional system. For the input and output
spaces typical examples are U=R*, U=Ly, and U, =L},
for some integer k and some p€[l, o0, ‘and Y= L’ for
some integer / and some g€[1, o). The representatlon 03}
. takes into account the possibility that the input—output
map depends on the initial state and time.

Definition 1:

H(G (%0, 20)) = {MEU: G(x4,t,)uE%b}. 3)
Thus H(G(x,,t,)) can be thought of as the set of all
“stabilizing inputs” to the mapping G(x,,%,). In this
paper, for the most part we never explicitly compute
H(G(xq,tp)); however, if G(xq,1,) represents a linear
time-invariant system, then under certain conditions one
can calculate H(G(x,, 1)) (see [5] for details).

Definition 2: The system (2) is input—output stable (or
1/0 stable for short) if

H(G(xo» 1)) =W, @)

Equivalently, G is I/O stable if, for all x, €2 and
tER,G(xy, ;) maps U into %Y. Conversely, G is 1/O
unstable if there exist x, €L, t0 €R and u € such that
G(xg, to) U EY\%.

To keep the exposition snnple we assume that the input
u(.) and output y(.) of the system (2) are related by

Vx, €R, Vi, €ER.

@)
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2(0)=f(x(2),u(t),1), ~Vt>t,, x(t)=x, (5a)

y(t)=h(x(t)’u(t)’t) (Sb)
where the functions f and & are such that, for all x€, ¢,
E€R and u€,, (5) has a unique solution consistent with
(2). We use ¢(xq,1,%5,u) to denote the value of this
solution at time ¢.

We now present the definitions of reachability and
“detectability” for nonlinear. systems.

Definition 1: A state x, €X is reachable t, € R from Q if -
there exists some finite #*<¢,, such that for all z5<¢*
there exist x,€Q and ¥ €9, such that ¢(xq, ,, Ly, u)= =X,
A set X, CX is reachable at ¢, from { if every xeXl is

reachable at ¢, from .
DNofinition 2+ The

Definition 2: The
bounded (CSB) at t, €R if x, €Q and uEH(G(x,, to))
together imply that there exists a constant M(u) such that
[l xg, 2, to, w)|| < M(u) Ve>1t,.

Definition 3: The system (2) is conditionally state-
asymptotic (CSA) at t, €R if x, €Q and u €K (G(x,, 1y))
together imply that lim d[¢(x,, ¢, 2y, u), 2]=0, where
d(z,Q)=inf, o] x-z|| is the distance between z and .

The reachability definition requires that, starting at any
time t, prior to t*, we can go from a state in Q at time 7, to
every state in X, at time ¢, (See also Lemma 2 in Section
IV). CSB requires that if we start at x,€§ and apply a
stabilizing control u € X (G(x,, ¢,)), then the resulting state
trajectory is bounded. CSA requires that, under the same
conditions, the resulting state trajectory approaches { as
t— 0. Clearly, if @ is a bounded set, CSA implies CSB.

Both CSB and CSA are forms of detectability, though
this may not be evident at first glance. Typically, we study
the property CSB when Q=L and Y=L . Thus CSB is
a formalization of the following concept: if the input is
bounded and the output is bounded, then the state must
be bounded. In the same way we typically study the
property CSA when =LY and Y=L, for some p<oo.
Thus CSA is a formalization of the following concept: if
the input goes to zero and the output goes to zero, then
the state approaches the “equilibrium set” €. In particu-
lar, if u(.)=0, we don’t insist that x(.)=0; rather we only
require that x(.) is bounded (CSB) or approaches Q(CSA).
In other words, the part of the state that we cannot
measure is well behaved. '

conditionally  cota, te
coraiiignaay  siai

euctem () ig
sysiem (<) 1§

III. StABILITY RESULTS

A CSB or CSA system is one for which instability in the
state is, in effect, reflected in the output. Thus we would
expect that, given either of these properties, input—output
stability would imply internal stability. The precise results
are contained in the next two theorems.

Theorem 1: Suppose that G(, R) is 1/0 stable, that
X, CX is reachable from @ at time ¢,, and that system (2)
is CSB at 73, V1, <¢,. Then ¢(x,,1,¢,,0) is bounded as a
function of ¢, Vx, €X,.

In effect the theorem states that if a system is I/O
stable and CSB, then all zero-input trajectories starting
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from reachable initial states are bounded. Roughly speak-
ing, I/O stability, plus reachability, plus CSB, imply
Lagrange stability.

Proof: Given x, EX|, select t, <t,, x, €Q, and u €Y,
such that ¢(xg, t;, ¢y, u)=x,. (This is always possible be-
cause X, is reachable at ¢, from .) Since ¥€9L, we have
P, uc. Also, by 1/0 stability we have H(G(x,, #,))=,
so that P, u€H(G(x, t,)). Finally, by CSB at ¢, we have
&(xg, , tg, P, u)(=o(x,, t, t,,0) whatever ¢ > ¢,) is bounded
as a function of ¢. (]

In the preceding theorem the assumption that the sys-
tem (2) is CSB at all ¢, <7, can be weakened, but at the
expense of a more cumbersome statement.

Theorem 2: Suppose that G(, R) is 1/0 stable, that

. X; CX is reachable from  at time #,, and that (2) is CSA
at £, for all ¢, <¢;. Then ¢(x),¢,1,,0)>Q as t—>o0, Vx, €
X,.

Proof: Similar to that of Theorem 1. [ ]

As a consequence of these results the problem of check-
ing internal stability can be replaced by the (often sim-
pler) problems of checking reachability, I /O stability, and
CSB or CSA. For small systems this may be only a minor

- gain. The real advantage comes when dealing with inter-
connected systems because both reachability and CSB
(CSA) can be checked at the subsystem level, leaving only
I/O stability, which can often be established by studying
the properties of the various subsystems and interconnec-
tions. .
Consider the interconnected system

U, =u exti 2 ijj
J=1

Yi=Gi(xg;» to)u; i=1,"--m (6)

where each G; is a dynamical system with input, output,
and state spaces U,;, ¥,,, X, Q,, respectively; u,, €U,

ei> €l’

‘v’z, and H;: %,,-,, is a memoryless operator (1e
H,Pr= PT i OrH;;Qr = QrH, ) Vi, j. We take

"’ZJ,e =GZL X XU, and Y, =Y, X--- XY, to be the
input and output spaces for the overall system. We also
make the important

Assumption (Al): The overall system (6) is a dynamical
system with state space X=X, X - -+ XX, and initial state
set Q=8 X .- XQ,,.

This assumption does not hold for several innocent
looking systems, such as the one shown in Fig. 1, with

£/(s)=s/(s+1) and §,(s)=s/(s+2). Section V contains

some simple sufficient conditions for the above assump-
tion to hold.

With this setup we can state some results concerning
reachability and CSB (CSA) of the overall system in terms
of the subsystem properties.
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Theorem 3: Suppose (A1) holds, that U, is closed un-
der addition, and that X,; CX; is reachable from Q, at time
t, for each subsystem G,. Then X, =X, X--- XX, is
reachable from £ at time ¢, for the system (6).

Proof: Given x; €X,, select 1y, <t,, z,, €Q,, and
u; EGZL,_,, such that ¢,(z,,?,, o, u;)=x,,, for each i. Let
to=min t,,; then, by the definition of reachability, there
exists xo; €2, and u; €, such that ¢(xq, 4, 2o, 4;)=
xy;, Vi. If we now apply the external control defined by

)

extx_u + 2
j=1

ij _/(ij’ tO)u

it is easy to see that the state at time ¢, of the system (6)
will be (x5, -, x,,0). |
Theorem 4: If each subsystem G, is CSB (CSA) at tos
each H;; maps %; into ?U;, and each U, is closed under
addltlon then the system (6) is CAB (CSA) at ¢,.

Proof: Let G(x,,t,) denote the relation between u_,,
and y and suppose u,,, € H(G(x,, t,)); then for each i we
have u,,, ; €U, and y; €%,. Since H,; maps %, into U, for
all i, j, this 1mp11es that H,, y, €U, Vz J» 80 that u; EC’?L Vi,
Next u; €;, y; €%, implies that u; € H(G,(x;q, to)) Smce
each subsystem is CSB (CSA) at ¢, we now have that
d(x;0, 1, tg, ;) is bounded Vi (approaches Q; for all i).
Hence the system (6) is CSB (CSA) at ¢,,. [ ]

Suppose now that the large-scale system (6) is known to
be I/O stable (though the subsystems might not be).
Theorems 1 and 2 provide a means of checking whether
the system is also internally stable; most important, Theo-
rems 3 and 4 show that the hypotheses of Theorems 1 and
2 can be checked at the subsystem level.

IV. TESTING FOR REACHABILITY, CSA AND CSB

In this section we discuss various ways of testing whether
a given system has the properties of reachability, CSA and
CSB. Specifically, if the initial state set  is invariant in a
serise to be made precise below, we show that the defini-
tion of reachability can be replaced by an equivalent
property that is easier to check. Further, we relate CSA
and CSB to detectability in the case of liner time-invariant
finite-dimensional systems. In view of Theorem 4 these
relationships also apply in the case of Lur’e type feedback
systems, as well as an arbitrary interconnection of linear
time-invariant subsystems via memoryless interconnec-
tions.

Definition 4: Given the system (5) the set Q is said to
be negatively invariant if the following is true: For every
L ER, t,<t;, and x,€Q, there is an X9 €Q such that
$(x, 1;, 20,0) = x,.

In case © consists of a set of equilibrium points, the
above condition is satisfied with x, =x,. In case (5) repre-
sents a time-invariant system and £ consists of a limit
cycle of period T, the above condition is satisfied with

=¢(xy, 1, 1,,0), where
t=t—(t;,—1ty) mod T. (8)

This is the motivation for calling £ negatively invariant.



1100

Lemma 2: Suppose Q is negatively invariant with re-
spect to ¢. Then a state x, €X is reachable from Q at time
t; if and only if there exists some finite 1* <t¢,, and x, EU
and ¥ €Q, such that ¢(xg, ¢, 1*, u)=x,.

Proof: Obvious.

A comparison of Lemma 2 with Definition 1 clearly
brings out the simplification involved in case 2 is nega-
tively invariant.

We turn now to CSA and CSB and focus our attention
on linear systems of the form

x(t)=Ax(t)+ Bu(t)

where x=R", U=R*, Y=R’.

Lemma 3: Suppose the system (9) is detectable and
that p<oo(p=oc). Then (9) is CSA (CSB) with Q=
{0}, £, =0.

‘The proof is simple and is, therefore, omitted.

We conclude this section by working .out an example of
a CSB system whose input and output spaces are L, (and
" not L as in Lemma 3).

Example: Consider the forced van der Pol oscillator

y(1)=Cx(1) ©)

X —xy Xp=xp+p(1—x)x,+u; y=x, (10)
with U=FY=L,. Let v(x)=x% +x3)/2. Then
o=p(1—x?)x3 +xu
. _ Ly
<ux§+x2u<p,(x2+—2;u) (11)
so |
o(x(T)<'ufT[x2(t)+ %u(z)}zdt |
) 0 b
<HIYOIR+ 3 IWOI? iy EL, uEL,.
(12)

Hence, this system is CSB with = {0},7,=0

V. WELL-POSEDNESS

Recall now that we are studying an interconnection of
several smooth dynamical systems, described by

x,(£)=fi(x,(2), (1), 1) (13a)
yi(t)=h(x,(£),u(t),1) (13b)

which are interconnected through memoryless operators
in the form

u (1) =ugy (1) = X H,((0), 1) (13a)
where f;, h,, ;;» are all continuous. The objective of this
section is to present some sufficient conditions, based on
graph-theoretic techniques, for the system (13) to be well-

posed. Substituting (13c) into (13b) yields
ui(t)=uext i(t) j(h (x (t)’u (t) t) t)
1

=1,

Jj=

(14)

,m
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or, more compactly,

u ()=t (1)~ 2 E(x; (t) u,(£),1),

,m. (15)

Now, if we can “solve” the implicit equations (15) to
obtain explicit expressions for u; in the form

u,~(t)=C,.(x(t),uex,(t),t) (16)

where C, is continuous, then the system (13) is well-posed.

Towards this end let us define a dependence digraph D,

which has m vertices (the same as the number of subsys-

tems), and contains an edge from vertex j fo vertex i if and
only if E;; depends explicitly on u;.

I‘heorem 5. If the dependence dlgraph Di is acyclic, the
system (13) is well-posed.

Proof: We shall show that if C is acyclic, then (15)
can be solved in the form (17).

If D is acyclic there is at least one vertex that has no
predecessor; i.e., all edges are directed away from it. Let
I, denote the index set of vertices that have no predeces-
sors. From the manner in which D was constructed, it
follows that whenever x€1,, E; ; does not depend on u s
for all j. Thus the ith equation in (15) is of the form

(1) =t (1) — ,(x (1), 1),

i+i,- .-

Viel,. (17)
Next, remove from D all edges leaving vertices i€ 1, and °
let D, denote the resulting digraph. Since D is acyclic and
D, is a subgraph of D, it is clear that D, is also acyclic.
Let I, denote the index set of vertices in D, that do not
have predecessors. Going back to D, it is clear that
whenever i€, all predecessors of i belong to I,. Thus,
whenever i €1;, the ith equation in (15) is of the form

ui(:t)zuexti(t) lj(x (t) u; (t) t)

Jeo

- 2 Eij(xj(t)’ t),
Jj&ly

By substituting from (17) into (18), (18) can be put in the
form (16). By repeating this bootstrap operation we can
ultimately obtain equations of the form (16) for all i.
Clearly all the functions C; are continuous. ]
This result bears some similarity to the well-posedness
criterion in [4]; in particular, the graph D here is similar to
the reduced digraph in [4, Th. 1]. However, this paper and

[4] are concerned with two different problems.

Vviel,. (18)

. VI. CONCLUSIONS
In this paper we have presented two types of results;

“namely, connections between input—output stability and

Lyapunov stability, and well-posedness of interconnected
systems. In the process of establishing the connections
between I/0 stability and Lyapunov stability, we have
introduced two new types of detectability (CSA and CSB),
which have the advantage that they are preserved under
interconnection.
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There is much work that remains to be done. First, the
results of Theorems 1 and 2 can be “localized”, giving a
connection between “small-signal” L,-stability and local
Lyapunov stability. Second, the results presented in Sec-
tion v concerning verifications of CSA and CSB can be

vt A asnmaral manlicane auratane

proveu Dy Cchnulug them to géner al nonlinear Sysiciis
(as opposed to linear systems with nonlinear memoryless
feedback). Finally, the sufficient condition of Theorem 5
can be replaced by weaker conditions. All in all, we
believe that this subject offers many challenges to future
researchers.
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