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ABSTRACT

A new and computationally efficient algorithm for
inversion of linear time-invariant systems is presented.
Existence conditions for either left or right inverse
systems are also presented, together with stability
criteria. These criteria indicate that the algorithm
will find a stable inverse whenever one exists.

The results apply to both left and right inversion
of a linear system, and include the special case of

linear finite automata or convolutional encoders.
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I. INTRODUCTION

The concept of system inversion has been around for some
considerable time, with obvious applications in areas such as control
theory, filtering and coding theory. For linear systems with only
a single input and output, the inversion problem is trivial, and is
most easily handled using transfer function concepts. For multi-
variable systems the problem is more complex, both theoretically
and computationally. Transfer function methods become difficult to
apply, in particular when the number of outputs is unequal to the
number of inputs. Such problems are now being tackled with reasonable
success, but until recently state-space methods have been dominant in
the analysis of inversion problems.

The earliest systematic approach to the inversion problem appears
to be that of Brockett and Mesarovié [1]. In [1] the concept of

functional reproducibility, which in broad terms means the ability to

follow a given reference signal, was introduced. Reference [1] gave

a criterion for functional repreducibility, and subsequently Brockett
[2] showed how to construct the inverse for scalar systems, but in

the general case no inversion algorithm was available. (Actually,
there is an error in the criteria of [1] - see Section IV. The

error seems to have gone unnoticed until now, although some of the
results of Silverman [8] clearly contradict a major claim of [11).
Simplified criteria, and more importantly methods for constructing

the inverse, were introduced by Massey and Sain [3,4], Dorato [5]

and Orner [6]. An interesting development in [4] was the intrqduction

of the idea of "inherent integration'" of a linear system, which led
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to bounds on the number of differentiations required in the inverse
system. (see also Willsky [7]). However, none of the algorithms
mentioned so far produced an inverse of the lowest possible order,
although this may not have been recognized at the time.

An important development, appearing at about the same time
as the Massey and Sain papers [3,4], was the introduction of Silverman's
"structure algorithm" [8,9]. Apart from his treatment of time—varyiné
systems, Silverman's approach was important in two respects. First,
there was no explicit test for invertibility, but rather it 'was
shown that a system was invertible if and only if the inversion
algorithm terminated in a certain way. This made the overall procedure
computationally efficient. Second, it was shown in [8] and [9] how
the order of the inverse system could be reduced at the end of the
algorithm. The final inverse is probably of the least possible order,
although apparently no proof of this conjecture has ever appeared. A
drawback of the algorithm was that it could only handle systems with
equal numbers of inputs and outputs, but this has since been rectified

by Silverman and fayne [10]. Comparisons of the Silverman and Sain/

Massey approaches may be found in [11] and [12].

Two related inversion algorithms have been given by Porter [13,14].
The method of [13] is vaguely similar to Silverman's, but contains no
guarantee that an inverse will be found if one exists. The algorithm
of [14] is, however, extremely interesting since it contained the
novel idea of reducing the system order at each step of the algorithm.
This was done by relating the problem of inverting a given system to
that of inverting a related system with fewer states, and possibly also

with fewer inputs and outputs. Despite some conceptual advantages
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over Silverman's algorithm, Porter's method is hard to follow and
it is not clear whether it is computationally competitive.

A point which has not yet been mentioned is that there are
really two important classes of inversion problems. Briefly, a
left inverse for a given system S 1is a system SL which computes

the input to S from knowledge of its output, or symbolically

SLSu = u foriall [u

(More precise definitions will be given at the appropriate points).
R h tes

A right inverse, on the other hand, is a system S which compu

the input required in order that S have a certain desired output.

That is,

SSRy =y for all vy

If both SL and SR exist, then they are identical and the above
distinction need not be made. (This happens only when S has the

same number of inputs as outputs). Many of the references [1-14]
treated only the case where the input and output spaces have the

same dimension, so that the distinction between left and right

inverses was not highlighted. However, references [1,2,14] were
clearly looking for a right inverse, while [3,4,6] were concerned

with left inverses. Silverman and Payne [10] and to some extent

also Sain and Massey [4] covered both cases. A more general discussion
of left and right inverses may be found in Doty and Frank [15],

although it will be argued in Section IV that the approach of [15] is

not completely satisfactory.



The question of stability of an inverse has never been satisfact-
orily settled. Massey and Sain [3] were probably the first to point
out the problem, since they showed for one example that their algorithm
produced an unstable left inverse when a stable left inverse was
known to exist. A stability criterion has been given by Moore and
Silverman [16], but unfortunately only for a restricted class of
systems. (Actually, neither [3] nor [16] mention stability as such -
they are concerned with the existence of feedback-free inverses.
However their treatment relates to finite-state systems, where
stability is equivalent to the existence of a feedforward realization).
The best results to date are those of Bengtsson [17], who proved

inter alia that if any stable inverse exists, then the minimal (left

or right) inverse is stable. Comments by Forney [18] are also relevant.

Very recently a new approach to inversion problems has emerged,
via what might be called a re-examination of transfer function methods.
For details, see e.g. Wang and Davison [19] or Formey [20]. The
approaches of those papers have a number of theoretical advantages,
but they have nét yet reached the stage of producing computationally
efficient inversion algorithms. In any case, they have very little
in common with the approach of this paper, so will not be discussed
further.

The main aim of this paper is to describe a computationally
efficient inversion algorithm. Of all the methods discussed, it is
probably closest to Silverman's algorithm [9], although it shares

with Porter's method [14] the feature of dimensionality reduction at

each step. It is applicable to both left and right inversion, and
is believed to be computationally the most efficient method yet
available. At the same time, new invertibility criteria, including
stability criteria, are presented. These are superficially similar
to the criteria of Dorato [5] and Wang and Davison [22], but differ
in one important respect: the criteria of [5] and [22] are criteria
for invertibility of a transfer function matrix, whereas those of
the present paper relate to invertibility of a system specified by a
set of state equations. (It will later be shown that these two sets
of conditions are equivalent, but it is not a priori obvious that
the state-space and transfer function approaches should lead to the
same answer; in fact, a theorem of Brockett and Mesarovié [l] to
this effect is in error).

In the initial part of the paper only left inverses are considered,
and for brevity the word "inverse' will be taken to mean "left inverse"
except where a right inverse is explicitly referred to. The
invertibility and stability criteria are given in Section II, together
with proofs of their necessity. The inversion algorithm is described
in Section III; this also serves as a practical check on the criteria
of Section II and a proof of their sufficienc&. It turmns out, in
fact, that a system is invertible if and only if the inversion algorithm
finds an inverse, and that the algorithm produces a stable inverse
unless no stable inverse exists. For this reason the criteria of
Section II are only required in order to justify the algorithm; as
with Silverman's algorithm [9], the easiest way to check the criteria

is to apply the algorithm.
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In Section IV it is shown how the criteria and the algorithm are II. INVERTIBILITY CRITERIA

modified to cover the case of right inversion. Section V treats

fini
nite-state systems, solving the problems which were the original The systems to be considered in this paper have state equations

motivation for the work of Massey and Sain [4].

Finally, Section VI of the form

contains concluding remarks.
x = Ax + Bu ; x(0) given

(€8]
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where x is an n-vector, u is an m-vector, and y 1is a p-vector.
The matrices A,B,C and D are constant and of compatible dimensions.
All vectors and matrices have elements in some field F, which for the
bulk of the paper will be taken to be the real field. It will be
necessary on occasion to introduce scalars and vectors over an extension

field F,, which for now may be taken to be the complex field.

Definition. The system (1) will be said to be (left) invertible if
u is obtainable causally from y and x(0).
If D is square and invertible, then inversion of (1) is trivial;

an inverse system (actually unique in this case) is given by
-1 A~ -1 A~
(A-BD C)x+ BD 'y 2 x(0) = x(0)

g hpits

A
X

u o= =D

and actually x(t) = x(t) for all t > 0. (It will be found in
general that the inverse system also provides a measurement of the
state vector. To avoid digressions, this fact will not be highlighted).
If D is non-square but rank D = m, then a left inverse is provided

by a minor adjustment of the above equations - see Section III. 1In



LEAUEL; LUE WALl Gilll UL LHAD PAPSL 40 LU Prvowis s e s = —eees oo

In the remainder of this paper, we will be concerned with the rank
works from the state-space description of the system.

properties of the matrix
Our first result is as follows:

M(A) g A-AT B
















































